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Ecological networks

Species interactions
— organization of an ecosystem

Network variability

— reaction to external perturbations

trophic level
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Ecological network analysis

Network statistics:
@ Connectance, Nestedness,
Modularity,

@ Subgraph densities,

@ etc.
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General approach

Representation of a network by a vector: graph embedding
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Our approach: "mapping" in a space of probabilistic network models

@ Observed network = realization of a random model ~~ exchangeable
networks

@ Compare networks = compare models ~~ U-statistics
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Row-column exchangeable matrices

Definition
A matrix Y is row-column exchangeable (RCE) if for any permutations o
and o of N,

D
Y = (You(i),020))iz 121

Motivation: exchangeable bipartite networks
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Dissociation

Definition

A matrix Y is dissociated

<~

For all (m, n) € N2, (Yij)i<m.j<n and (Yjj)i>m_j>n are independent.
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U-statistics

Symmetric function of a p X g submatrix

Yflj1 Yfljz Yil.iq
h( Y{i17~--,ip:jl7~~-,jq}) =h Yizj1 Yizjz Yizjq
Y’.pJ'l Y’.pJ.2 Y"qu

U-statistic over a m X n network
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If Y is a RCE matrix, then E[U |1 = E[A(Y{1,. p1,.q1)]-
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© RCE network models
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Bipartite expected degree distribution (BEDD) models

Poisson-BEDD model

Ui7 VJ Irlg U[O, 1]
Yi |l Ui, Vi ~ P(A(Ui)g(V)))
where
o A =E[Yj]
o [f=[g=1

The Poisson-BEDD model is :
@ a model with latent variables for the expected degrees of the nodes,
@ RCE and dissociated,

@ recoverable by a quadruplet of nodes.
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BEDD models
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Recoverability of the BEDD models

Moments of f and g:
— Fy ::j’fk, Gy ::J"gk

Some properties:
—%]E[yqa-— y&l]:: A2F§Cb
— E[Y11 Y12] = A\°F,
—%]E[Y&lyal]iz A2Cb

~~ Functions on a 2 x 2 submatrix: h( Yy, i1 jo1) = h <[Y:i ’”2])

~<

i2j2

Recoverability theorem

The parameter A and the moments F, and G, of the Poisson-BEDD are
recoverable by the joint distribution of a 2 x 2 submatrix.
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© Asymptotic normality of U-statistics

12 /29



Asymptotic distribution of U-statistics

h is a function on a 2 x 2 submatrix.
h . yyh
Up = Upy, .ny» Where

o N =my+ ny,
e my/N — p€]0,1].

Asymptotic normality of U-statistics (LM, 2023)

For RCE models, if E[h( Y{1,2;1,2})2] < 00, then
VN(UE, —8) —2— N (0, V)
—00

where
o 0 =E[h(Y212)]
°o V= ﬁCOV(h(Y{l,z;l,z})v h(Yii3341)) +
%pCOV(h(Y{l,z;l,z})a h(Yiza13)))-
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Variance estimation

Let \7N be an estimator for V. If \7,\/ L V, then

Asymptotic normality of U-statistics

Nt —0) —2 A(0,1).

VN N—oo

There are several consistent estimators for V:
@ unbiased ("analytic estimator", Monte-Carlo),

e asymptotically unbiased (based on resampling, LM et al., 2023).
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Analytic calculation of the variance:

VIUR] =

v() v(2) v3) v(4) <1>
+o

N T T T e N4

Weak convergence in the degenerate case
f0= V@ = .. = v < v then

NE(UL — UnY —2 s w.

N—oo

The limit distribution is not trivial in general, but there are cases where it is
Gaussian.
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Example
(3] p
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Example 1: Subgraph densities

Binary RCE network model
w:R2 - [0,1],

he(Yi1,2:1,2)) = Y11 Y12 Y21 Y22 %
h1a(Yi123:1,21) = Y11 Y21 Y22 Y32(1 — Y12)(1 — Y1) % g% g

The U-statistics U,’\’, are the densities of these motifs.
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Example 1: Subgraph density

motif = 6, N = 32 motif = 6, N = 128 motif = 6, N = 512
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Example 2: Heterogeneity of the row degrees

Poisson-BEDD model

ULV, % ulo,1]
Yi | U V; ~ PA(Uj)e(V)))
where
o A =E[Yj]

off:fgzl,ffk:Fk,fgk:Gk.

f and g characterize the degree distributions of the row and column nodes.

v
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Example 2: Heterogeneity of the row degrees
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Example 2: Heterogeneity of the row degrees

U-statistic kernel

h = h1 — h where
o hm(Yiip12p) = YY1z, Ehy = AR,
o m(Yiip12y) = Y11 Yoz, Ehy = A2

Degeneracy under H,
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Example 2: Heterogeneity of the row degrees

N=8 N=64 N=512
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Example 3: Form of the graphon

Graphon model

i I'\“"j Z/{[O, 1]

Vj
Yi | UV, ~ PAw(U;, V)

where
o A =E[Yj]
o w:[0,1> = [0,1], [fw=1.

Link with the functions f and g of the BEDD model:

f(u) :/VT/(U, v) dv g(v) :/v"v(u, v) du

Dissimilarity measure against a BEDD:

d(w) = || — fe] 3 = / / (#(u,v) — F(u)g(v))? du dv
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Example 3: Form of the graphon

d, eps=3,N=128 d, eps=3,N=512 d, eps = 3, N = 2048
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@ Conclusion
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A large class of network models can be used: BEDD models, latent block
models, graphon models, etc.

Diverse network questions can be investigated:
@ motif densities,

@ heterogeneity of the degrees,
e form of the graphon.

U-statistics can be used to perform statistical inference on network data
with minimal assumptions:

@ estimation,
@ confidence intervals,

@ network comparison.
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Bootstrapping network U-statistics

@ especially in degenerate cases

Sparse graphs
@ beyond the RCE framework, graphex models

Networks with covariates

e graph neural networks/variational autoencoders
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Thanks for your attention!
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