
U-statistics of row-column exchangeable matrices.
Application to ecological network analysis.

Tâm Le Minh (Université Paris-Saclay, MIA Paris-Saclay)

Stéphane Robin, Sophie Donnet, François Massol

26/07/2023

54èmes Journées de Statistique de la Société Française de Statistique

1 / 29



Ecological networks

Species interactions
→ organization of an ecosystem

Network variability
→ reaction to external perturbations
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Ecological network analysis

Network statistics:
Connectance, Nestedness,
Modularity,
Subgraph densities,
etc.
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General approach

Representation of a network by a vector: graph embedding

Our approach: "mapping" in a space of probabilistic network models
Observed network = realization of a random model ⇝ exchangeable
networks
Compare networks = compare models ⇝ U-statistics
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Row-column exchangeable matrices

Definition
A matrix Y is row-column exchangeable (RCE) if for any permutations σ1
and σ2 of N,

Y
D
= (Yσ1(i),σ2(j))i≥1,j≥1

Motivation: exchangeable bipartite networks
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Dissociation

Definition
A matrix Y is dissociated
⇔
For all (m, n) ∈ N2, (Yij)i≤m,j≤n and (Yij)i>m,j>n are independent.
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U-statistics

Symmetric function of a p × q submatrix

h(Y{i1,...,ip ;j1,...,jq}) = h



Yi1j1 Yi1j2 ... Yi1jq

Yi2j1 Yi2j2 ... Yi2jq

... ... ... ...
Yip j1 Yip j2 ... Yip jq




U-statistic over a m × n network

Uh
m,n =

[(
m

p

)(
n

q

)]−1 ∑
i∈Pp([m])
j∈Pq([n])

h(Yi ,j )

If Y is a RCE matrix, then E[Uh
m,n] = E[h(Y{1,...,p;1,...,q})].
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Bipartite expected degree distribution (BEDD) models

Poisson-BEDD model

Ui ,Vj
iid∼ U [0, 1]

Yij | Ui ,Vj ∼ P(λf (Ui )g(Vj))

where
λ = E[Yij ]∫
f =

∫
g = 1.

The Poisson-BEDD model is :
a model with latent variables for the expected degrees of the nodes,
RCE and dissociated,
recoverable by a quadruplet of nodes.
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BEDD models

g0(v) = g(v) =

Ui ,Vj
iid∼ U [0, 1]

Yij | Ui ,Vj ∼ B(λf (Ui )g(Vj))

f0(u) =

f (u) =

10 / 29



Recoverability of the BEDD models

Moments of f and g :
→ Fk =

∫
f k , Gk =

∫
gk

Some properties:
→ E[Y 2

11 − Y11] = λ2F2G2
→ E[Y11Y12] = λ2F2
→ E[Y11Y21] = λ2G2

⇝ Functions on a 2 × 2 submatrix: h(Y{i1,i2;j1,j2}) = h

([
Yi1j1 Yi1j2

Yi2j1 Yi2j2

])
Recoverability theorem
The parameter λ and the moments Fk and Gk of the Poisson-BEDD are
recoverable by the joint distribution of a 2 × 2 submatrix.
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Asymptotic distribution of U-statistics

h is a function on a 2 × 2 submatrix.
Uh
N := Uh

mN ,nN
, where

N = mN + nN ,
mN/N → ρ ∈]0, 1[.

Asymptotic normality of U-statistics (LM, 2023)

For RCE models, if E[h(Y{1,2;1,2})
2] < ∞, then

√
N(Uh

N − θ)
D−−−−→

N→∞
N (0,V )

where
θ = E[h(Y{1,2;1,2})],

V = 4
ρCov

(
h(Y{1,2;1,2}), h(Y{1,3;3,4})

)
+

4
1−ρCov

(
h(Y{1,2;1,2}), h(Y{3,4;1,3})

)
.
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Variance estimation

Let V̂N be an estimator for V . If V̂N
P−→ V , then

Asymptotic normality of U-statistics√
N

V̂N

(Uh
N − θ)

D−−−−→
N→∞

N (0, 1).

There are several consistent estimators for V :
unbiased ("analytic estimator", Monte-Carlo),
asymptotically unbiased (based on resampling, LM et al., 2023).
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Degeneracy

Analytic calculation of the variance:

V[Uh
N ] =

V (1)

N
+

V (2)

N2 +
V (3)

N3 +
V (4)

N4 + o

(
1
N4

)

Weak convergence in the degenerate case

If 0 = V (1) = ... = V (d−1) < V (d), then

N
d
2 (Uh

N − Uh
∞)

D−−−−→
N→∞

W .

The limit distribution is not trivial in general, but there are cases where it is
Gaussian.
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Example 1: Subgraph densities

Binary RCE network model
w : R2 → [0, 1],

Ui ,Vj
iid∼ U [0, 1]

Yij | Ui ,Vj ∼ B(w(Ui ,Vj))

h6(Y{1,2;1,2}) = Y11Y12Y21Y22

h14(Y{1,2,3;1,2}) = Y11Y21Y22Y32(1 − Y12)(1 − Y31)

The U-statistics Uh
N are the densities of these motifs.
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Example 1: Subgraph density
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Example 2: Heterogeneity of the row degrees

Poisson-BEDD model

Ui ,Vj
iid∼ U [0, 1]

Yij | Ui ,Vj ∼ P(λf (Ui )g(Vj))

where
λ = E[Yij ]∫
f =

∫
g = 1,

∫
f k = Fk ,

∫
gk = Gk .

f and g characterize the degree distributions of the row and column nodes.
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Example 2: Heterogeneity of the row degrees

g0(v) = g(v) =

H0 : f ≡ 1 ⇔ F2 = 1
H1 : f ̸≡ 1 ⇔ F2 > 1

f0(u) =

f (u) =
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Example 2: Heterogeneity of the row degrees

U-statistic kernel
h = h1 − h2 where

h1(Y{1,2;1,2}) = Y11Y12, Eh1 = λ2F2

h2(Y{1,2;1,2}) = Y11Y22, Eh2 = λ2

Degeneracy under H0

N3/2
√
V

Uh
N

L−−−−→
N→∞

N (0, 1)
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Example 2: Heterogeneity of the row degrees
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Example 3: Form of the graphon

Graphon model

Ui ,Vj
iid∼ U [0, 1]

Yij | Ui ,Vj ∼ P
(
λw̃(Ui ,Vj)

)
where

λ = E[Yij ]

w̃ : [0, 1]2 → [0, 1
λ ],

∫∫
w̃ = 1.

Link with the functions f and g of the BEDD model:

f (u) =

∫
w̃(u, v) dv g(v) =

∫
w̃(u, v) du

Dissimilarity measure against a BEDD:

d(w) = ||w̃ − fg ||22 =

∫∫
(w̃(u, v)− f (u)g(v))2 du dv
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Example 3: Form of the graphon
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Summary

A large class of network models can be used: BEDD models, latent block
models, graphon models, etc.

Diverse network questions can be investigated:
motif densities,
heterogeneity of the degrees,
form of the graphon.

U-statistics can be used to perform statistical inference on network data
with minimal assumptions:

estimation,
confidence intervals,
network comparison.
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Perspectives

Bootstrapping network U-statistics
especially in degenerate cases

Sparse graphs
beyond the RCE framework, graphex models

Networks with covariates
graph neural networks/variational autoencoders
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Thanks for your attention!
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