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RCE matrices

Definition
A matrix Y is row-column exchangeable (RCE) if for any permutations σ1
and σ2 of N :

Y
D
= (Yσ1(i),σ2(j))i≥1,j≥1

Motivation : exchangeable bipartite networks
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U-statistics

(X1,X2, ...) array of i.i.d. random variables, h a symmetric function

Uh
n =

(
n

r

)−1 ∑
1≤i1<...<ir≤n

h(Xi1 , ...,Xir ).

Theorem (Hoeffding, 1948)
Let

θ := E[h(X1, ...,Xr )],
V := Cov

(
h(X1,X2, ...,Xr ), h(X1,Xr+1, ...,X2r−1)

)
.

If E[h(X1, ...,Xr )
2] < ∞, then

√
n(Uh

n − θ)
D−−−→

n→∞
N (0,V ).
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U-statistics

Quadruplet kernel :

h(Y{i1,i2;j1,j2}) = h

([
Yi1j1 Yi1j2

Yi2j1 Yi2j2

])

U-statistics on a matrix of size m × n

Uh
m,n =

[(
m

2

)(
n

2

)]−1 m∑
i1<i2

n∑
j1<j2

h(Y{i1,i2;j1,j2})

Example : motif frequencies

h(Y{1,2;1,2}) = Y11Y12Y21(1 − Y22) + Y21Y22Y11(1 − Y12)

+ Y12Y11Y22(1 − Y21) + Y22Y21Y12(1 − Y11)
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Outline

1 Main result

2 Application
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Framework

Sequence of dimensions :
c ∈ ]0, 1[,
mN := 2 + ⌊c(N + 1)⌋, nN := 2 + ⌊(1 − c)(N + 1)⌋,
Uh
N := Uh

mN ,nN
.

⇝ At step N, there are N + 4 nodes in the network.

Decreasing filtration :
FN := σ

(
(Uh

k,l , k ≥ mN , l ≥ nN)
)
, F∞ :=

⋂∞
N=1 FN .

Property
F∞ ⊂ ... ⊂ FN ⊂ FN−1 ⊂ ... ⊂ F0.
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Main result

Theorem 1
For RCE models, if E[h(Y{1,2;1,2})

2] < ∞, then

√
N(Uh

N − Uh
∞)

D−−−−→
N→∞

W

where
Uh
∞ = E[h(Y{1,2;1,2})|F∞],

W is a random variable with characteristic function
ϕ(t) = E[exp(−1

2 t
2V )] (gaussian mixture),

V = 4
cCov

(
h(Y{1,2;1,2}), h(Y{1,3;3,4})

∣∣F∞
)
+

4
1−cCov

(
h(Y{1,2;1,2}), h(Y{3,4;1,3})

∣∣F∞
)
.
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Outline of the proof

Eagleson & Weber, 1978 : weak convergence of sums of reverse martingale
differences.

ZNK :=
√
N(Uh

K − Uh
K+1)

⇝
∑∞

K=N ZNK =
√
N(Uh

N − Uh
∞)

3 steps :
1 (UN ,FN) is a reverse martingale : for each N, Uh

N = E[Uh
N−1|FN ],

2 there exists V > 0 such that
∑∞

K=N E[Z 2
NK |FK+1]

P−−−−→
N→∞

V ,

(asymptotic variance),

3 for any ϵ > 0,
∑∞

K=N E[Z 2
NK1{|ZNK |>ϵ}|FK+1]

P−−−−→
N→∞

0

(conditional Lindeberg condition).
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Asymptotically normal case

Theorem 2
In addition to the assumptions of Theorem 1, if Uh

∞ and V are constant
with V > 0, then

√
N(Uh

N − Uh
∞)

D−−−−→
N→∞

N (0,V )

où
Uh
∞ = E[h(Y{1,2;1,2})],

V = 4
cCov

(
h(Y{1,2;1,2}), h(Y{1,3;3,4})

)
+

4
1−cCov

(
h(Y{1,2;1,2}), h(Y{3,4;1,3})

)
.

Uh
∞ and V are constant if Y is a dissociated RCE array.
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Dissociated arrays

Definition
Y is a dissociated array
⇔
For any (m, n) ∈ N2, (Yij)i≤m,j≤n and (Yij)i>m,j>n are independent.
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Key idea of the proof

Aldous-Hoover representation theorem
Let α, (ξi )1≤i<∞, (ηj)1≤j<∞ and (ζij)1≤i<∞,1≤j<∞ be arrays of i.i.d.
random variables.

If Y is RCE, then Y
D
= Y ∗ where Y ∗

ij = f (α, ξi , ηj , ζij).

If Y is RCE and dissociated, then Y
D
= Y ∗ where Y ∗

ij = f (ξi , ηj , ζij).

In the general RCE case, σ(α) ⊂ F∞, which explains the mixture in the
limiting distribution.
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Degenerate case

If V = 0, then the U-statistic is degenerate and

√
N(Uh

N − Uh
∞)

P−→ 0.

There exists 2 ≤ d ≤ 4 and a random variable W such that

N
d
2 (Uh

N − Uh
∞)

L−−−−→
N→∞

W .

But the distribution of W is not explicit.
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A RCE model

Bipartite Expected Degree Distribution model

Ui ,Vj
iid∼ U [0, 1]

Yij | Ui ,Vj ∼ P(λf (Ui )g(Vj))

where
λ = E[Yij ]∫
f =

∫
g = 1,

∫
f k = Fk ,

∫
gk = Gk .

The BEDD model is :
a model with latent variables for the expected degrees of the nodes,
RCE and dissociated,
identified by a quadruplet of nodes.

14 / 20



Example : Estimation of F2

g0(v) = g(v) =

f ≡ 1 ⇔ F2 = 1
f ̸≡ 1 ⇔ F2 > 1

f0(u) =

f (u) =
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Example : Estimation of F2

Step 1 : Choice of the kernels
h1(Y{1,2;1,2}) = Y11Y12, Eh1 = λ2F2

h2(Y{1,2;1,2}) = Y11Y22, Eh2 = λ2

Step 2 : Asymptotic normality

θ̂N := Uh1
N /Uh2

N √
N

V h1
Uh2
N

(
θ̂N − F2

)
D−−−−→

N→∞
N (0, 1)

A consistent estimator for V h1 is sufficient to build asymptotic confidence
intervals.
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Example : Estimation of F2

V h1 is derived from Theorem 2 :

V h1 =
λ4

c
(F4 − F 2

2 ) +
4λ4

1 − c
F 2

2 (G2 − 1)

Define more kernels to estimate G2 and F4 :
h3(Y{1,2;1,2}) = Y11Y21, Eh3 = λ2G2

h4(Y{1,2;1,2}) = (Y 2
11 − Y11)(Y

2
12 − Y12), Eh4 = λ4F4G2

Step 3 : Consistent estimator of V h1

V̂ h1
N =

1
c

[
Uh4
N (Uh2

N )2

(Uh3
N )2

− (Uh1
N )2

]
+

4
1 − c

(Uh1
N )2

[
Uh3
N

Uh2
N

− 1

]
.
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Conclusion

U-statistics can be used to perform statistical inference on bipartite
networks :

estimation,
confidence intervals,
statistical testing,
network comparison.

Any row-column exchangeable model can be used (stochastic block
models, graphons, ...).
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Thank you for your attention !
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