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Definition
A matrix Y is row-column exchangeable (RCE) if for any permutations o
and oo of N :

D
Y = (You(i),020))iz 121

Motivation : exchangeable bipartite networks
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U-statistics

(X1, X2, ...) array of i.i.d. random variables, h a symmetric function

-1
n
Ur’: = <r> Z h(X,'l,...,X,'r).

1<i<...<ir<n

Theorem (Hoeffding, 1948)
Let

o 0:= E[h(X1, .. X,)],

o V.= Cov(h(Xl,Xz, ey Xp ), h(X1, Xey1, ...,X2,_1)).
If E[h(X1, ..., X;)?] < 00, then

Vn(UP — ) =2 N(0, V).

n—oo
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U-statistics

Quadruplet kernel :

Vi Yai
h( Y{i1,i2:j17j2}) =h ({Yilﬂ YIJZ]>

2j1 i2j2

U-statistics on a matrix of size m X n

o ()] 5 5 wss

1<iz j1<j2

Example : motif frequencies

h(Yi12:1,2y) = Y11 Y12 Y21(1 — Y22) + Y21 Y22 Y11(1 — Y12) \
+ Yo Y11 Y2 (1 — Yo1) + Yoo Yo1 Yio (1 — Yi1) & B
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© Main result
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Framework

Sequence of dimensions :

e c€]0,1],
e my: =2+ [c(N+1)], ny:=2+[(1—c)(N+1)],
° U,'\’, = U,’,’,M,,N.

~> At step N, there are N + 4 nodes in the network.

Decreasing filtration :
o Fy = a((U,Q,, k> my, > nN)), Foo ==y Fn-

Property
Foo C ... C Fy C Fy_1 C ... C Fo.
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Main result

For RCE models, if E[A(Y{1,,1,})%] < oo, then

VN(UL - UL 2w

N— oo
where
° Ugo = E[h(y{1,2;1,2})’foo]'
o W is a random variable with characteristic function
¢(t) = Elexp(—3t2V)] (gaussian mixture),
o V = %COV(I’I( Y{1,2;1,2})7 h( Y{1’3;3’4})|Foo) -+
%Cov(h(y{l,zu,z}), h( Y{3,4;1,3})|]:oo)-
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Outline of the proof

Eagleson & Weber, 1978 : weak convergence of sums of reverse martingale
differences.

Znk = VN(UL — U/@+1)
- % Znk = VN(UE — UR)
3 steps :
@ (Up, Fp) is a reverse martingale : for each N, Ul = E[Uk/,ﬂ]'-N]v
@ there exists V > 0 such that > %_ 5 E[Z3| Fk1] WE;: v,
(asymptotic variance),
Q forany € >0, Yy ElZRk L zy|> et | Fr+1] W%;j 0

(conditional Lindeberg condition).
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Asymptotically normal case

Theorem 2

In addition to the assumptions of Theorem 1, if U" and V are constant
with V > 0, then

VN(UL = Ub) # N(0, V)

ou
° Ugo = IE[’7(Y{1,2;1,2})]:

o V= %COV(/‘I(Y{172;1,2})7 h(Y{1,3;3,4})) +
7=Cov(h(Y(12:1.01), M(Yi3.413}))-

Uh and V are constant if Y is a dissociated RCE array.
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Dissociated arrays

Definition

Y is a dissociated array
4

For any (m, n) € N2, (Yij)i<m.j<n and (Yjj)i>mj>n are independent.

ayp dyz (dyz dyg
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submatrices
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Key idea of the proof

Aldous-Hoover representation theorem

Let «, (5i)1§i<oo: (77j)1§j<oo and (Cij)1§i<oo,1§j<oo be arrays of i.i.d.
random variables.

o If Y is RCE, then Y 2 Y* where Y} = f(a, &, 7, Cj)-

y

o If Y is RCE and dissociated, then Y 2 Y* where Vi = f(&imjs Ci)-

1

In the general RCE case, o(a) C Fo, which explains the mixture in the
limiting distribution.
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Degenerate case

If V =0, then the U-statistic is degenerate and

VNUE - Un) So.

There exists 2 < d < 4 and a random variable W such that
NE(UR — Uy —£ w.
N—oo

But the distribution of W is not explicit.
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© Application
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A RCE model

Bipartite Expected Degree Distribution model

U,V % uo,1]
Yi | Ui, Vi~ P(A(Ui)g(V)))
where
o A =E[Yj]

Offzfgzl,ffk:Fk,fgkIGk.

The BEDD model is :
@ a model with latent variables for the expected degrees of the nodes,
o RCE and dissociated,
o identified by a quadruplet of nodes.
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Example : Estimation of F;

go(v) = g(v) =

fEl<:>F2:1
f£le R >1
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Example : Estimation of F;

Step 1 : Choice of the kernels
o m(Yu212) = Y11Y12, Eh = AR,
o ha(Yp121.0) = Y11Ya2, Ehy = A2

Step 2 : Asymptotic normality
Oy = Ul /Ut

\/VThth (eN - F2> N—>N(o 1)

A consistent estimator for V" is sufficient to build asymptotic confidence
intervals.
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Example : Estimation of F;

VI is derived from Theorem 2 :

A4 4)\
Vi = (R )+ 1 F3(G 1)

Define more kernels to estimate G, and Fy :
° m(Yi12:1,2y) = Y11Ya1, Ehs = 22 G,
o hy(Yi1210y) = (YA — Y1) (YD — Y12), Ehy = A*F4 G

Step 3 : Consistent estimator of V™
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Conclusion

U-statistics can be used to perform statistical inference on bipartite
networks :

@ estimation,

@ confidence intervals,
@ statistical testing,
°

network comparison.

Any row-column exchangeable model can be used (stochastic block
models, graphons, ...).
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