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U-statistics are used to estimate a population parameter by averaging a function on a subsample over all the
subsamples of the population. In this paper, the population we are interested in is formed by the entries of a row-
column exchangeable matrix. We consider U-statistics derived from functions of quadruplets, i.e. submatrices of
size 2 x 2. We prove a weak convergence result for these U-statistics in the general case and we establish a Central
Limit Theorem when the matrix is also dissociated. We shed further light on these results using the Aldous-Hoover
representation theorem for row-column exchangeable random variables. Finally, to illustrate these results, we give
examples of hypothesis testing for bipartite networks.
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1. Introduction

U-statistics form a large class of statistics with powerful properties. They are built as the average of a
given function on a subsample of a population, called kernel, applied to all the subsamples taken from
this population. The population usually consists of i.i.d. individuals. In this case, Hoeffding (1948)
gives a Central Limit Theorem (CLT), which ensures their asymptotic normality. For non-i.i.d. cases,
similar results (Nandi and Sen, 1963) exist when the population is exchangeable, i.e. when the joint
distribution of a subsample only depends on its size or equivalently for any finite permutation o,
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In these cases, it is convenient to view the kernel h taken on each subsample of size k as a random
variable indexed by k-tuple, e.g. X; = X 4, i, = h(Y;,,Yi,, ..., Y}, ) and the U-statistic is therefore
a sum of random variables. If the population is exchangeable, then the array X is not necessarily
exchangeable, but it is jointly exchangeable, i.e. for any sequence of k-tuples (¢,7,...) and for any
finite permutation o,
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A CLT exists for sums of jointly exchangeable variables, which has been proven by Eagleson and Weber
(1978).

In our paper, the sample consists of the entries of a matrix Y of size m x n, the rows and columns of
which are separately exchangeable (row-column exchangeable, RCE), i.e. denoting S;, the symmetric
group of order n, for any ® = (01,02) €Sy, X Sp,
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where Y := (Y, (i)oo (j))lgi,j<oo- We consider U-statistics based on submatrices of size 2 x 2, that
we call quadruplets

o Yi1j1 Yi1j2
Y{i17i2§j17j2} = (Yi2j1 Yigia)
Their kernels are real functions h such that for any matrix Y, h(y{172;172}) = h(Y{2,1;1,2}) —
h(Y{1,2;2,1})- Applied to a matrix of size m X n, a quadruplet U-statistic is then defined by

m\ " /n\ !
UZ)':LJL = <2> <2> Z h(Y{iLiz;jl,jQ})’

1<iy <ia<m
1<j1<ja2<n

where (ZL) is the number of 2-combinations from m elements. We can denote X{; ;..\ ] =
h(Y{h,iz; 1, j2}). However, contrarily to the case where Y is fully exchangeable, X is not jointly ex-
changeable in this case. Our aim is to establish a weak convergence theorem for these U -statistics using
the martingale approach used by Eagleson and Weber (1978).

We apply our results to network analysis. The matrix Y can be seen as a weighted bipartite network,
where the rows and the columns represent individuals of two different types, and the interactions can
only happen between individuals of two different types. Each entry Y;; represents the intensity of the
interaction between the individuals ¢ (of type 1) and j (of type 2). As an example, we consider two ver-
sions of the Weighted Bipartite Expected Degree Distribution (WBEDD) model, which is a weighted,
bipartite and exchangeable extension of the Expected Degree Sequence model (Chung and Lu, 2002;
Ouadah, Latouche and Robin, 2021). For binary graphs, the degree of a node is the number of edges
that stem from it. For weighted graphs, the equivalent notion is the sum of the weights of these edges.
It is sometimes called node strength (Barrat et al., 2004), but we will simply refer to it as node weight.
The WBEDD model draws the node weights from two distributions, characterised by real functions f
and g. The expected edge weights Y;; are then proportional to the expected weights of the involved
nodes. The model can be written as

.
&,mj ~ U0, 1]

Yij 1 &imj ~ LN (&)g(n5))-

where L is a family of probability distributions over positive real numbers such that the expectation of
L(p) is p and f and g are normalized by the condition | f = [ g = 1. Consequently, \ is the mean
intensity of the network. The two versions of the WBEDD are:

Version 1 ) is constant,
Version 2 ) is a positive random variable.

We explain the implications of the two versions and how our results apply to both of them. Then we
suggest a framework to design statistical tests on these models using our CLT and we discuss how one
can extend it.

Our results are presented and proven in Section 2. In addition to the RCE case, we prove that if
the matrix is also dissociated, i.e. if any of its submatrices with disjoint indexing sets are independent,
then we obtain a CLT. Section 3 gives examples of application of this CLT to hypothesis testing on
networks.
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2. Main result

2.1. Asymptotic framework

Our results apply in an asymptotic framework where the numbers of rows and columns of Y grow at
the same rate, i.e. m/(m + n) — ¢ and at each step, only one row or one column is added to the matrix
Y. Now, we build a sequence of dimensions (1,7 ) n>1 that satisfies these conditions.

Definition 2.1 (Sequences of dimensions). Let ¢ be an irrational number such that 0 < ¢ < 1. For
all N €N, we define my =2+ [¢(N +1)] andny =2+ |(1 —¢)(N + 1)], where || is the floor
function.

Proposition 2.2. my and ny satisfy:
my .
s MNFTNN N 00

2. my+ny=4+ N, forall N € N.

&

Corollary 2.3. At each iteration N € N*, one and only one of these two propositions is true:

1. my=my_1+1landny=nyn_1,
2. ny=nny_1+1land mny=mpn_1.

Such sequences m and n v satisfy the desired growth conditions (proof given in Appendix A). We

it h ._rrh
define the sequence of U-statistics as Uy, := Uy, . 1 -

2.2, Theorems
We establish the following results on the asymptotic behaviour of U-statistics over RCE matrices.

Theorem 2.4 (Main theorem). Let Y be a RCE matrix. Let h be a quadruplet kernel such that
E[h(Y{1,21,2y)%] < 00. Let Fy = o (Ul k = my,l > ny)) and Foo := =1 Fn- Set UL =
E[A(Y(1,2;1,2))|Foc]. Then

VNUE —Ut) 2w,
N—o0

where W is a random variable with characteristic function ¢(t) = E[exp(— %tQV)], where

4 4
V= ECOV(h(Y{l,z;l,z})ah(y{1,3;3,4})‘fm) 1z CCOV(h(Y{1,2;1,2})a h(Y3,41,31)| Foo) -

Theorem 2.4 states that the limit distribution of v/ N ( U}\Lf — Ugo) is a mixture of Gaussians, but we
see that if V' is constant, then it is a simple Gaussian. Next we identify a class of models where the
limiting distribution of v/ N (U;\L, — Ul is a simple Gaussian.

Definition 2.5. Y is a dissociated matrix if and only if (Yj;)1<i<m,1<j<n is independent of
(Yij)i>m,j>n- for all m and n.



In other words, Y is dissociated if submatrices that are not sharing any row or column are indepen-
dent. Now we claim the following extension to Theorem 2.4 for dissociated RCE matrices.

Theorem 2.6. In addition to the hypotheses of Theorem 2.4, if Y is dissociated, then Ué‘o and 'V are
constant and

VNUE - Ul =2 N (0, V),
N—o00

More precisely,
1 UL =En(Y( 2.12)))
2. V= 2Cov(h(Yy1 20,2 h(Y1 3i3.4y)) + 12 Cov (Y1 21,2)): (Vi3 41,3)))-

Now we shall explain this result in the light of the Aldous-Hoover representation theorem. Theorem
1.4 of Aldous (1981) states that for any RCE matrix Y, there exists a real function f such that if we
denote Ylj = f(, &1, Gij), for 1 <1, j < oo, where the o, &;, 7); and (;; are i.i.d. random variables
with uniform distribution over [0, 1], then

y 2y~

It is possible to identify the role of each of the random variables involved in the representation
theorem. We notice that each Y;; is determined by o, &;,7; and ;5. (;; is entry-specific while &; is
shared by all the entries involving the row ¢ and 7); by the ones involving the column j. Therefore, the
&; and 7); represent the contribution of each individual of type 1 and type 2 of the network, i.e. each
row and column of the matrix. These contributions are i.i.d., which makes the network exchangeable.
Finally, « is global to the whole network and shared by all entries.

Proposition 3.3 of Aldous (1981) states that if Y is dissociated, then Y* can be written without «, i.e.
it is of the form Ylj = f(&.1j,Giz), for 1 <, j < oco. In this case, because the &;, 1; and (;; are i.i.d.,
averaging with the U-statistic over an increasing number of nodes nullifies the contribution of each
individual interaction (¢;;) and node (§; and 7;). In the general case, i.e. when Y’ is not dissociated, then
conditionally on «, Y is dissociated. It is easy to see that the mixture of Gaussians from Theorem 2.4
results from this conditioning.

We can also state with ease that Theorem 2.4 can be applied to matrices Y generated by the two
versions of the WBEDD model. Theorem 2.6 only applies to Version 1, where the matrix is dissociated.
Indeed, we see that in both models conditionally on A, the expected mean of the interactions of any
submatrix is A. Therefore any 2 submatrices are independent if A is constant. We could also have
noticed that A is determined by the « from the representation theorem of Aldous-Hoover.

In practice, dissociated exchangeable random graph models are widely spread. Notably, a RCE
model is dissociated if and only if it can be written as a W -graph (or graphon), i.e. it is defined by
a distribution WV depending on two parameters in [0, 1] such that for 1 <4, j < 0o :

i
fzﬂ?j YR u[oa 1]

Yij | &ismj ~W(&i,nj)
In this definition, it is easy to recognize the variables from the representation theorem of Aldous-

Hoover. We simply identify the &; and 7, then it suffices to take qﬁglnv the inverse distribution func-
2LV

tion of W(&;,7;) to see that defining the dissociated RCE matrix Y™* such that Ylj = f(&,nj,Cij) =

¢§_¢ 177j (Gij) fulfills Y L Y. It is also straightforward to remark that unlike Version 2, Version 1 of the

WBEDD model can be written as a 1¥/-graph model, setting W(&;,n;) := L(Af(&)g(n;))-
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2.3. Proof of Theorem 2.4

To prove Theorem 2.4, we adapt the proof of Eagleson and Weber (1978) establishing the asymptotic
normality of sums of backward martingale differences. The definition of a backward martingale is
reminded in Appendix B.

Theorem 2.7 (Eagleson and Weber, 1978).  Let (M, Fn)n>1 be a square-integrable reverse mar-
tingale, V' a F-measurable, a.s. finite, positive random variable. Denote Mo := E[M1|Foo]| where
Foo 1= ﬂzozl Fn. Set Zyy, = /n(Mj, — Mk—i—l)' If:

1 Y52, ElZ2, | Fria) % V' (asymptotic variances),
2. foralle>0,% 72, E[Zgzk]l{\anbE}u-k'i‘l] %) 0 (conditional Lindeberg condition),

D . . . ..
then Y 32 Znk = V/n(Mp — Mso) —= W, where W is a random variable with characteristic

Sunction ¢(t) = E[exp(—%ﬁV)].

Proof of Theorem 2.4. The three steps to apply Theorem 2.7 to (My)n>1 = (U ]}{,) N>1 are to show
that it is a backward martingale for a well chosen filtration and that it fulfills conditions 1 and 2. The
expression of V' is made explicit along the way. More precisely,

1. first, defining Fy = a((U,?l, k>mpy,l > nN)), Proposition C.1 states that (U]}\L,,}'N)N21 is
indeed a square-integrable reverse martingale ;

2. then, Proposition D.1 implies that Y 7> E[Z]zv x| Fr+1] does converge to a random variable V'
with the desired expression ;

3. finally, the conditional Lindeberg condition is ensured by Proposition E.1, since from it, we

2 P
deduce that forall € > 0, 3% N E[Z5 e Lf| 2y s |5 e} [ F K +1] oo 0.

Hence Theorem 2.7 can be applied to U ]}\‘, and we obtain that v/ N (U ]}\‘, -U go) NL> W, where W
—00

is a random variable with characteristic function ¢(t) = E[exp(— %tzV)] with V' specified by Propo-
sition D.1. The proofs of Propositions C.1, D.1 and E.l are provided in Appendices C, D. and E
respectively. (|

2.4. Proof of Theorem 2.6

The proof of Theorem 2.6 relies on a Hewitt-Savage type zero-one law for events that are permutable

in our row-column setup. Therefore, it is useful to define first what a row-column permutable event is.

We remind the Aldous-Hoover representation theorem for dissociated RCE matrices as stated earlier:

if Y is a dissociated RCE matrix, then its distribution can be written with (§;)1<i<my» (j)1<j<ny

and ((;j)1<i<my,1<j<ny arrays of i.i.d. random variables.

Then let us consider such arrays of i.i.d. random variables (£;)1<i<my» (1j)1<j<ny ad (Gij)1<i<mpy,1<j<nn-

If we were to consider events depending only on them, there is no loss of generality in using the product
probability space (2, Ay, Py ), where

Oy = {(wf’wnjwé“) Wf ER™N (e R™ (S € Rmz\rnw} — RmNFRN NN
Ayx = B(R)mN'f‘nN'f‘mN"N’

_ ,mny+ny+myn
]PDN_NNN NTN
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We then define the action of a row-column permutation on an element of £2 ;.
Definition 2.8. Let ® = (01,02) € Smy X Spy . The action of @ on w € Qy is defined by

dw = (alwg, oow", (o1, og)wc)

where 010.)5 - (w§1 (i))1§i<m1\” oW’ = (wgz(j))1§j<"1\’ and (o1, U2)w< = (w§1 (1)o2 (j))1§i<mN’1§j<nN
Definition 2.9. Let A € Ay. A is invariant by the action of Sy, x Sy, if and only if for all ® €
Sy X Sny, @ 1A= A, ie.

{w:Pwe A} ={w:weA}.

Notation. 1In this section, we denote by Ep the collection of events of A that are invariant by row-
column permutations of size my x ny, i.e. ® € Sy, X Spy. We denote Eoo := (e En, Which is
the collection of events that are invariant by permutations of size my X ny, for all N.

The following theorem is an extension of the Hewitt-Savage zero-one law to the row-column setup.
Theorem 2.10. Forall A€ Ex, P(A) =00rP(A) =1.

The proof of Theorem 2.10 is given in Appendix F. Now we use this result to derive Theorem 2.6
from Theorem 2.4.

Proof of Theorem 2.6. In this proof, we specify the matrices over which the U -statistics are taken, i.e.
we denote U ]g ;(Y) instead of U, ]g ; the U-statistic of size k x [ with kernel h taken on Y. We denote

also Fy(Y) = cr((U,?l(Y), k>my,1>ny)) which are sets of events depending on Y.

Since Y is RCE and dissociated, Proposition 3.3 of Aldous (1981) allows us to consider a real

function f such that for 1 <4,j < oo, V7 = f(&,nj,Cj) and Y™ D Y, where &;, n; and (;;, for

1<4i,j < oo are i.i.d. random variables with uniform distribution on [0, 1]. Therefore we can consider
these random variables, the product spaces (2, Ay, Py ) and the sets £y of invariant events defined
earlier.

But ]:N(Y*) = U((U]?l(y*),k >mpy,l > nN)) C U(UN(Y*),gi,nj,Cij,i >mpy,j > ny), so
for all N, Fn(Y™) C En. It follows that Foo(Y™*) C Eso, 50 Uso(Y™) is Foo(Y™)-measurable.
Theorem 2.10 states that all the events in £ happen with probability 0 or 1, so it ensures that
Uso(Y™) = E[h(Y{*172;172})|foo(Y*)] = E[h(y{*l,z;l,z} )] is constant. Moreover, since the distribution
of U;\L,(Y) is the same as this of U]}\L,(Y*), we can conclude that Use (Y') = E[A(Y{1 2.1 21)|Foo (V)] =
E[R(Y{1,2;1,2))]-

LikeWise, we deduce that ]E[h’(Y{L2,L2})h(Y{1,3,3,4})|]:00 (Y)] = ]E[h’(Y{l,2,172})h(Y{1,3,374} )]
and ]E[h(Y{LQ;LQ})h(Y{3,4;1,3})|]:OO (Y)] = ]E[h(Y{LQ;LQ})h(y{374;1,3} )] which gives the desired re-
sult for V. Thus we conclude that W of Theorem 2.4 follows a Gaussian distribution of variance V.

O

3. Applications

In this section, we illustrate how to build statistical tests on RCE networks using our result. Indeed,
U -statistics can be used to build unbiased estimators. The advantage of taking quadruplets is to define
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functions over several interactions of the same row or column. This allows us to extract information on
the row and column distribution. Theorem 2.6 then guarantees an asymptotic normality result, where
the only unknown is V', which has to be estimated then plugged in with Slutsky’s Theorem.

Now through different examples, we will show how one might use different kernels to estimate all
the needed quantities to design tests on the Version 1 of the WBEDD (with constant density), to which
Theorem 2.6 applies.

3.1. Heterogeneity in the row degrees of a network

Remember that the function f (resp. g) of the WBEDD model defines the expected weight distribution
of the row (resp. column) nodes. For all k£ > 0, we denote Fj, = fol F*(u)du (resp. G, = fol g (v)dv).
Consider that we are interested in the distribution of the row degrees only. We know that 'y = 1, but we
see that Fp = fol f 2(u)du quantifies the heterogeneity in the row degrees. Indeed, if f is constant, i.e.
f =1and F; = 1, then the row degrees are homogeneous. Besides, the higher F5, the more unbalanced
their distribution. More specifically, a large value of F» indicates a strong distinction between generalist
(with high degree) and specialists (with low degree) nodes. Then in order to evaluate the homogeneity
of the rows of a network, it makes sense to test the following hypotheses : Ho: f=1vs. Hy: f#1
using an estimator of Fj.

Fy can be estimated with the U-statistic based on the quadruplet kernel hj (Y[
%(Yhh Yiyjy + Yigjy Yinj, ) We see that E[U]}\Lfl] =E[m (Y{z’h
the derivation of V' gives the following result :

11,2551 ,jz])

inij1,jo})] = M2 F,. So Theorem 2.6 and

N 2 D
—(Unt = XN Fp) ——— N(0,1),
Uk = 02F) 2 N (0,1)
where V =Mc Y Fy — F2) + 4\ (1 — )1 F2(Gy - 1).
We use the kernel 12 (Y, iy, in}) = % (Y, 1 + Y5, jo +Yinj, +Yiyj,) to construct U}ff , aconsistent
estimator of \. It follows from Slutsky’s theorem that

N U D
\/;WJ’GQ)Q((U,{ZP —F2> oo N ()

N

Under Ho, Fo = Fy =1, 50 V =4)\(1 — ¢)~1(Ga — 1). Then, to estimate V, we consider the
U -statistic based on the kernel h3(Y[i1,i2;j1 ,jz]) = %(Yiu& Yisj1 + YijoYisj,), Which is a consistent
estimator for A2Gly. Thus, V' can be consistently estimated by

S 4 ha\4
Vy = Uy?
N 1—C(N)

h3

N 11

5 .
(UN)?

Finally, a further application of Slutsky’s theorem implies that under H,

h1
fV(Uj\?)?( U}JLV —1) D N(0,1).
VN (UN2)2 N—oo

This result allows us to define an asymptotic test for Hq : Fo = 1.
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3.2. Network comparison

The previous example shows how to build a test for a single network. In fact, it is easy to extend this
framework to network comparison, provided the networks are independent. Indeed, say network y4
and Y'B are independent. Then for any quadruplet kernel &, the U-statistics U ]}\’,(YA) and U ]}\‘,(YB )
computed on each network are also independent. Therefore, if we were to compare the row degree
unbalance of two networks, we can opt for a test of the type Hy : F2A = FQB vs. Hy : F2A #* F2B
One can simply notice that U ]}\L,(YA) -U ]}\L,(YB ) is still asymptotically normal, with E[U ]}\Lf (v4) —
U]’\‘,(YB)] = F5' — FP and it is easy to find the asymptotic variance V' as V[U]}\‘,(YA) - U]}\’,(YB)] =
VIUR (YA)] + VU (Y B)].

3.3. Further remarks and leads
We have showcased an example of application of our result to statistical test design. One interest-

ing feature of the kernels used is that they are simple to compute. Indeed, if we denote Yy :=
(Yij)1<i<my,1<j<nn» One can write the U-statistics used in the previous example as

h 1 T T
Ut = [Y Yyt = Te(Y, YN},
N nymy (my — 1) Yyl (YY)
h 1
Uy? = Y,
N nNmN| N1,
h 1 T T
U3:—[YNY L~ T (YNY }
L N YNYy| (YNYy)

where Tr is the trace operator. We see that these U-statistics can be computed using only simple
operations on matrices, which are optimized in most computing software.

However, one can define more elaborate kernels to test further hypotheses on other models. The only
conditions on the model are that it should be RCE and dissociated, i.e. it can be written as a bipartite
W-graph model. For example, given the W-graph model Y;; | &,n; ~ P(Aw(&;,n;)) with [ [w=1,
one could have tested if it is of product form, i.e. if f(u) = [w(u,v)dv and g(v) = [w(u,v)du, w
can be written as w(u,v) = f(u)g(v) (as in the WBEDD model). An appropriated kernel for this test
would be

1
h(Y{il,iQ;j1J2}) :ZYiljl Yijo(Yiyjy + Yigjo — Yiyjo — Yiyjp — 2)

1
+ Zthz Yiijo (Yi1j2 +Yirjo = Yirji — Yigjo — 2)
as E[0(Y(i, inijr jo))] = J J w(u,v)(w(u,v) — f(u)g(v))dudv and should be equal to 0 if the hypoth-
esis is true.

The counts of bipartite motifs of size 2 x 2 can be expressed as quadruplet U-statistics and can be
integrated in our framework. If Y is a binary matrix, then one can count the diagonal motifs using a ker-
nel and obtain statistical guarantees. For example, motif 5 of Figure 7 in Ouadah, Latouche and Robin
(2021) can be counted with the kernel
) =Yi 1 Yiyj,Yi

h(Y{il, 251 (1= Yagj) 4 Yiy 1 Vi jo Yigjo (1 = Yigj,)

271 Yizjz (1 - Yiu'z) + Yiljz Yizh Yizjz (1 - Yi1j1)-

1j1 44172

+ Yi1j1Yi

i2:351,72}
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It is legitimate to wonder if one can extend our framework to U-statistics over submatrices of
size different from 2 x 2, for example Yy; ;.. 1 of size p x ¢. If this can be done, then
our framework can be used to count motifs of larger size. Also, one could have used formula (1)
of the row heterogeneity example to derive an asymptotic confidence interval for F5 (we do not
necessarily have Fp = Fy = 1). Instead of using quadruplet kernels, we notice that one could have
estimated the term \%F) appearing in V with a kernel over submatrices of size 1 x 4 such as
MY gasgana)) = Yivg Yivga Yivgs Yinga and E[R (Y, = A Fy. The possibility for an
extension is discussed in the next section.

1.d2.d3.ga})]

4. Discussion

We do not claim that the chosen kernels and the derived U-statistics necessarily lead to the most
powerful tests. We have seen that one might combine several U-statistics to find a consistent estimator
for V. Especially, this might make the convergence of Vy slow, especially when these U -statistics are
correlated and there might exist more optimal kernels to build this test. In conclusion, these U-statistics
based on quadruplets might not be theoretically the most efficient estimators, but more importantly,
they are simple and easy to compute in practice.

It is possible to extend our theorem to U-statistics over submatrices of size different from 2 x 2, for

example Yy;, ;. iy of size p x q. In this case, for some kernel h on these submatrices,

Uf = KW;N> (névﬂ B > Yo MViigigeial)

1< <...<ip<mpy 1<j1<...<jg<nn

would also be asymptotically normal. All the steps of our proof can be adapted to U -statistics of larger
subgraphs. These U-statistics are indeed backward martingales and the equivalent of Proposition D.1
and Proposition E.1 require more calculus. As a consequence, the asymptotic variance also has a dif-
ferent expression. On the one hand, such an extension would allow more flexibility in the choice of the
kernel, hence the ability to build more complex estimators. On the other hand, in practice, the compu-
tation of such U-statistics may also be more complex and computationally demanding, whereas simple
functions on quadruplets can easily be expressed with matrix operations.

Further studies might be carried to investigate the rate of convergence of /N (U ]}\‘, — Ué’o) to its
limiting distribution. A possible direction is the derivation of a Berry-Esseen-type bound. For specific
applications, the computation of this rate through numerical simulation is also possible.

Appendix A: Properties of m and n

In this appendix, we provide the proofs for Proposition 2.2 and further properties of the sequences m
and ny definedas my =2+ |[¢(N+ 1) andny =2+ [ (1 — ¢)(N +1)] for all N > 1, where c is
an irrational number (Definition 2.1).

Proof of Proposition 2.2. The second result stems from the fact that
my+ny =4+ [c(N+ 1]+ [1-c)(N+1)] =4+ [c(N+ 1)+ |[-c(N+1)]+N+1

and [¢(N +1)| + |—c¢(IN +1)| = —1 because ¢(N + 1) is not an integer since ¢ is irrational. Then,
the first result simply follows as
my [e((N+1)]+2 ¢N+1)+2 ¢cN
N )

mN+TLN_ N+4 N N +4 N
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where i denotes the asymptotic equivalence when N grows to infinity, i.e. ap v by if and only if

aN/bN Njoo 1. O

Proof of Corollary 2.3. As my and np are non decreasing, the corollary is a direct consequence of
my +ny =4+ N,because thenmy 1 +nyp1 =4+ N+1=my+ny+1. O

Definition A.1. We define B, and B;_. two complementary subsets of N* as

Be={NeN':my=my_1+1}tand Bi_.={NeN':ny=ny_1+1}.

Proposition A.2. Set kc(m) == | ™2 and k1_c(n) == |2=2|. If N € Be, then N = ric(my).

c 1—c

Similarly, if N € B1_¢, then N = k1_¢(ny).

Proof. Remember that c is an irrational number, so if N € B, then

cN+2<[cN|]+3=my_1+1l=my=[c(N+1)|+2<c(N+1)+2,

which means that 22 1 < N < MN=2 ihys N = | N2 |, =

Appendix B: Backward martingales
In this appendix, we recall the definition of backward martingales and their convergence theorem.

Definition B.1. Let F = (Fy),>1 be a decreasing filtration and M = (My,),>1 a sequence of inte-
grable random variables adapted to F. (Mp,, Fp)p>1 is a backward martingale if and only if for all
n Z 1, E[Mn|]:n+1] = Mn+1.

Theorem B.2. Let (My, Fpn)p>1 be a backward martingale. Then, (My,),,>1 is uniformly integrable,

and, denoting Moo = E[M{|Foo| where Foo = (-1 Fn, we have

a.s.,L
M, == Moo
n—oo

. . . L
Furthermore, if (My,)p>1 is square-integrable, then My, —>— M.
- n—0o0

Appendix C: Square-integrable backward martingale

In this appendix, we prove Proposition C.1, which states that U ]}\‘, is a square-integrable backward
martingale.

Proposition C.1. LetY be a RCE matrix. Let h be a quadruplet kernel such that E[h(Y{ 9.1 2} 2] <

0. Let Fyy = o (U, k > my,1 > ny)) and Foo = 3=y Fn- Set Ul :=E[h(Y1 9,1 2)) 1 Foo]-

Then (U, Fn') N>1 is a square-integrable backward martingale and U, —>a'8"L2 Uh =E[h(Yy . Fool-
N Ny 00 {1,2;1,2}
- 1<y
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The proof relies on the following lemma.

Lemma C.2. For all 1 < iy <ip <mpy and 1 < ji < jo <nyn, ER(Yy 405, 5 FN] =
E[R(Y{1,2;1,2))|FN]-

Proof. In the proof of this lemma, we specify the matrices over which the U-statistics are taken, i.e.
we denote U ,?’I(Y) instead of U, I?,l the U -statistic of kernel /& and of size k x [ computed on Y.

By construction, for all k > m -, > n, for all matrix permutation @ € Sy, ; X Sy, ; (only changing
the first my rows and n columns), we have Uﬁl(@Y) = U,?’l(Y). Moreover, since Y is RCE, we

also have &Y D Y. Therefore,
QYU (Y), k= my, L > nn) Y (UL (Y), k> my L > ny).

That means that conditionally on Fp;, the first my rows and ny columns of Y are exchangeable and
the result to prove follows from this. (|

Proof of Proposition C.1. First, we remark that as E[h(Y{172;172})2] < oo, then forall N, E[(U%)?] <
oo. Thus, the (U ]}\L[) N>1 are square-integrable. Second, F = (Fx)n>1 is a decreasing filtration and

forall N, U ]}\’, is Fy-measurable.
Now using lemma C.2, we have for all K < N,

sokE= (") ()T T ER

1<ii <io<mpg
1<j1<je<ng

B (W;K) R (n;> - > Eh(Yi12,1,2) 1 FN]

1<ii<io<mpg
1<ji1<je<ng

=E[r(Y{1,21,2)) 7N,

In particular, IE[U}{,_1 |Fn] = E[U]}H.FN] = U}\L,, which concludes the proof that (U]}\L,7 FN)N>1isa
h a.s.,La

square-integrable backward martingale. Finally, Theorem B.2 ensures that Uy N—> Ugo. O
—00

Appendix D: Asymptotic variances

We prove Proposition D.1 which gives the convergence and an expression for the asymptotic variance.
The proof involves some tedious calculations. Before that, we introduce some notations to make the
proof of Proposition D.1 more readable.

Notation. In this appendix and in Appendix E, we denote

* Xliviaignge) = MY i s o} )
* Znk :=VN({Ug —Ug 1),

* Snk =E[Z% k| Fr41)s

° VN = ZC])(O:NSNK-
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The exchangeability of Y implies that E[X;, ;.. 51X CRATRA | F] only depends on the numbers
of rows and columns shared by both [i1,42; j1, jo] and [¢},45; 7], j5]. For 0 <p <2 and 0 < ¢ < 2, we
set

2 = E[X[s i1 o) Xt i35035
and
c(()]z;‘]) = ]E[X[il,iz;jl,j?}X[illle;j{ 7]&] |]:OO]7

where they share p rows and ¢ columns.
Proposition D.1. Vy NL> V= 4c_1(c§;0) ~U2)+4(1 - c)—l(cg%” —U2).
—00

The proof of Proposition D.1 will be based on the following five lemmas.

Lemma D.2. If K € B, then

2
mg —

ZNk-1=VN 2(UK_5K)a

where

—1
_+(n
dg = (mg —1) 1< 2K) Z X[ihmmjhjz]'

1<ii<mpg—1
1<ji1<je<ngk
Proof. Observe that
Z X[i17i2 g1.d2] = Z X[i1,iz;j1,j2] + Z X[ihmx;jhjﬂ' 2
1<ii<io<mpg 1<i1<ig<mpg—1 1<i1<mpg—1
1<j1<je<ng 1<ji1<je<ng 1<j1<je<ng

But if K € B, (see definition A.1), then myg_1 =mp — 1 and ng_1 = ng. Therefore, equation (2)
is equivalent to

@K) (nzf{ ) V= (sz_ 1) (nrf ) Uk—1+(mg —1) ("QK )5K,

SO
1
Uk-1= (mrUk —20k).
mg — 2
This concludes the proof since Zy 1 = VN(Ug_1 —Ug). O

We now calculate Sy g in the following lemmas.

LemmaD.3. Forall0<p<2and0<q<2, cg\;?,q) % cgg’q).
— 00

(»,9)

Proof. This follows from the fact that (¢, Fy) y>1 is a backward martingale. (|
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Lemma D4. IfK € B, then

_ (nk —2)(nk —3) JCHU N S
SNK-1= 4N<(mK —D(mg —2)ng(ng —1) K (mp — 2)? Ui+ w(K))

where 1) does not depend on N and (K ) = o(ml_f).

Proof. Because of Lemma D.2 and the F -measurability of U,

AN
SN K-1= =5 (E[6% | Fr] + U — 2UKE[5¢ | Fic)).
(mr —2)

First, Lemma C.2 implies that
E[ox|Fk]=Uk-

Then, we can calculate

-2
2 —2( MK
EpkiFd =k - 02 (") Y Y Bl Xl
1<in<mpg—1 1<i{ <mpg —1
I<ii<jez=<nr1<jl <jl<ng

Each term of the sum only depends on the number of rows and columns the quadruplets in

Xy mgj1,j2) and X[Z-/l TTIRA have in common. For example, if they share p rows and ¢ columns, it

is equal to cg’q). So by breaking down the different cases for p and ¢, we may count the number of pos-
sibilities. For example, if (p, ¢) = (1,2), then the number of possibilities is (my — 1)(mg — 2)("5).
This gives

-1
E[6%| Fr) = (mg — 1)~ <nK> {l(mK —2)(ng —2)(ng — 3)0%0) +2(mg —2)(ng — 2)0%1)

(1,2)

+ (mx — 2)clt (2,0) 2,1) |, (2,2)

+o(ng —2)(nkg —3)ey +2(nk —2)cy’ T e }

DN =

Finally, setting

-1
()= e = 17 ("0 ) {atmse = Do = D + e~ 2l

1 2,0 2,1 2,2
+ 5k =2)(ng — 3)ce” +20nx — 2)cfg Y + e )}’
we obtain the desired result, with 1)(K ) = o(ml_(z) since L ~ £ ~ K. O

Remark. 1In the case where K € By _, the equivalent formulas to those of Lemmas D.2 and D.4 are
derived from similar proofs. If K € B1_, then

2
nK—2

Znk-1=VN Uk —7K)s
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where
—1
—1({MK
YK = (nKg —1) ( 9 ) Z X[ihiz;jl,nK]’

1<ii<ig<my

1<ji<ng—1
and

(mg —2)(mg —3) (0,1) 1 2
SNJ(_1—4A%: cy — U 4%pl( ,
’ (ng —1)(ng —2)mg(mg —1) & (ng —2)2 K (K)

where ¢ does not depend on N and ¢(K) = o(n72).

Lemma D.5. Let (Ry),>1 be a sequence of random variables and (\p)p>1 a sequence of real
positive numbers. Set Cp, :=ny oo A\ Rp. If

(0.]

°n " A —— 1, and
E:k—n ko
e there exists a random variable R~ such that Ry, s Roo,
n— o0
a.s. . Ly L1
then Cy, ——— Roo. Furthermore, if Ry, —— Roo, then Cy, ——— Ro.
n—oo —00 n—ro0

n

Proof. Notice that

(o]
Cn = Rool =1 Y \g Ry, — Roo|

k=n
(0. 0] (0.0] o
<n D MBr—n Y MRoo| + [n) - ApRoo — Roo
k=n k=n k=n
o0 (o]
< (nZ)\k) x sup [Ry — Roo| +[n Y Ap = 1] X [Rool-
k=n kzn k=n

If nZZO:n Ak m 1 and R, % R, then for all w fixed except a set of neglectable size,

Cp(w) —— Roo(w), which gives the a.s. convergence. Now, consider also that
n—o0

oo oo
IEPC%f—fﬁnq §71§£:AkE[LRk“fimq +'Ml§£:Ak‘_1UE[uﬂmq

k;:n k:n

(0.] (0.0]
< <nz/\k> X :gg]EbRk—Roo@ + ynZAk—uE{mw@.

k=n k=n
. Ly Ly Ly .
So if R, ——— R, then E[|Rn - Roo|] ——— 0 and supk>nE[|Rk - Roo|] ——— 0. Since
n—o00 n—o00 = n—00

ny 5, Ay —— 1, the first term converges to 0, and the second term too because E [| Roo|] < c0.
k=n n— o0

Finally, E[|C, — Roo|] —— 0. O
n— oo
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Lemma D.6. Let (Qn)n>1 be a sequence of random variables. Set Cy, :=nY ;2 Q. If there
exists a random variable Coso such that nZQn :—s> Coo, then Cp —22s Cu. Furthermore, if
n o0 n— oo

L L
n2Qn —— Cwo, then Cp, —2— Ce.
n—roo n—oo

Proof. Thisis adirect application of LemmaD.5, where Ry, := n? Qnand )\, := n=2,asn ZZO:n k2 _)—>
n o
1. O

Proof of Proposition D.1. Recall that from Corollary 2.3, B, and 31_. form a partition of the set of
the positive integers N*, so that we can write

(c) (1=c)
VN = VN +Vy 7
where VJS, =Y K=N1+15N,Kk—1 and V(1 °) = > K=n~N+15N,K—1- Here, we only detail the com-
KeB. KeBi_.
putation of V]S, ), as one can proceed analogously with V]SII C).

In V]S, ), the sum is over the K € B.. So, from Lemma D .4,

(ng —2)(nk —3) L10) 1 2
(mg —1)(mg —2)ng (ng —1) K (mp —2)? Ukt w(K)>'

SN K-1= 4N<

Now we use Proposition A.2 to replace K with k.(m ) = Lch_zJ and

_ (ke(mpg) —mpg +2)(ke(mg) —mg +1) L10)
St = e ] S T T )

- mljgc(mm + 1/)(110(7”[{))) .

Therefore, because for all K € B, we have my =mp 1 + 1, we can then transform the sum over K
into a sum over m and

00 o e
Vg(vc): Z SN K-1= Z SN ke(m)—1 =N Z Bm,

K=N+1 M=MpN 41 M=MpN 41
KeB.

where Ry, := Sy o (m)—1/N, i.e.

4(l€c(m)_m+2)( ( ) m—l—l) 6(170) _ 4 . (m
7 =T = 2) Gealm) = m + D)) T T 3) relm) ~ Gy =22 Umelomy T 48 ()

R =
" (m —2)?
But we notice that since t(k¢(m)) = o(m~2), then Lemma D.3 and Proposition C.1 give for all N,

a.s.,Lq

) 1,0

. m
And since —5+

——— ¢ from Proposition 2.2, we find with Lemma D.6 that
N—oo

N a.s.,L (1,0) 2
V(c) = X MN41 Ry, —24, ( T —UL).
N myg N i ;NH M N oo ¢\ &
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We can proceed likewise with V]sl—c), where all the terms have K € B1_, to get

—c) a.s. 4 (01
V(l C) a.s 7L1 ( 5 _ U2
N N—oo 1-— C(COO %0
which finally gives
_ @ -0 asily oo 4 (1L0) o 4 0n 2
VN—VN +VN WV—E(COO _Uoo)"":(coo _Uoo)

Appendix E: Conditional Lindeberg condition

We verify the conditional Lindeberg condition as stated by Proposition E.1. We use the notations de-
fined in Appendix D.

Proposition E.1. Let € > 0. Then the conditional Lindeberg condition is satisfied :
[ee]

2 P
E[ZNk L2y >0 [ Fr1] 5570
K=N

The proof relies on the four following lemmas.

LemmaE.2. Let (Qn)n>1 be a sequence of random variables. Set Cp, :=n 2, Q. Ifn’E [1Qnl] —=

0, then Cy, —— 0.
n—oo

Proof. Lemma D.6 and the triangular inequality give E[|Cy, || <n > 72 E([|Qpl] — 0. Let some
n—oo
€ > 0, then Markov’s inequality ensures that

E[|C
P(|Cp| >€) < [Cn] ——0.
€ n—o0

O

Lemma E.3. For sequences of random variables Uy, and sets By, if Uy, %) U and 1(By,) L)
n (o]

9 n—0o0
Proof. Note that for all n, a > 0,

E[U21(By)] = E[UA1(Bn)L(UZ > )] + E[U21(By)L(U2 < a)]

<E[U21(U2 > a)] +E[al(By)]
<E[U2L(UZ > a)] + aP(By)
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L . . . .
Let € > 0. Uy Tz> U, so (U2),>1 is uniformly integrable and there exists a > 0 such that
n—00 -

E[U21(U2 > a)] < sup, E[UZL(U? > a)] < &. Moreover, 1(By,) % 0, which translates to
n—oo
P(By) — 0 and there exists an integer ng such that for all n > ng, P(By,) < 5. Choosing such a
n—oo

real number a, we can always find an integer ng such that for n > ng, we have E[U21(By,)] <e. O

Lemma E.d. For sequences of random variables My, and sets By, if (My),,>1 is a backward mar-

tingale with respect to some filtration and 1(By,) —L 50, then E[M,1(B,)] —— 0.
n— 00 n—oo

Proof. We notice that from Theorem B.2, (M,),,>1 is uniformly integrable, then the proof is similar
to that of Lemma E.3. O

Lemma E.5. Set Ay := ml_(l (n2K)_1 ZggiszK+1 X[l,iz;j1,j2]' If K € B, then Ak 2 0, where
1<ji<je<ng
O is defined in Lemma D.2.

Proof. Remember that if K € B, (see Definition A.l), then by symmetry of h, dx = (mg —
_ -1
D7HS) XX
1<io<mpg—1
1<j1<j2<ngk
rows and the columns of Y leave its distribution unchanged, hence for all (01, 02) € Sy X Sp e, We
have

M i2:j1,52]" The exchangeability of Y says that all permutations on the

—1
£ —-1("K
Ok = (my = 1) (2) Yo Xiowmu)or i)soa(in)oaia))
1<io<mp—1
1<ji<jz<ng

Consider o2 to be the identity and o1 € Sy, the permutation defined by :

e o1(i)=i+1ifi<mg,
* oi(mg) =1,
e o1(i)=1dif i >mg.
Then AKZ(mK—l)_l(nzK)_l Z X[Ul( ,henceAKééK. O
1<io<mp—1
1<j1<ga2<nik

mg),01(i2);02(51),02(52)]

Proof of Proposition E.1. Similarly to the proof of the Proposition D.1, we can verify the conditional
Lindeberg condition by decomposing the sum along with K + 1 € B. and K + 1 € B;_. (Corol-
lary 2.3), so here we only consider >"%_ 1 E[Z%; K—11|Zx x_1|>e} | FK].

KeB.
Like previously, using Proposition A.2, we can transform the sum over K into a sum over m :

o0 o0
2 2
Y E[ZR k1 lznga>alFrI = Y0 BIZR )1 L1 Za oy a5 Fre(m) )
K=N+1 M=MN 41

KeB.

m—2J.

where rc(m) = | 1
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We remark that form >mpy1 =my +1>c(N+1)+2,

Yiznmemal>a Stiavmy )

S 1{‘Unc(m)_5nc(m)|> m_2 E}

=1 o+ 1 -
{‘Unc(m)‘>@e} {|5nc(m)‘>@€}

So, using the identity (Uy, () — 5,ic(m))2 < 2(U,§C(m) + 520(7”)), we get for m > mp1,

E (23 otom) 1 112 aomy 1> F o)
8N 2 2
<— T v p——t .
N (m - 2)2E |:(UKC(m) - 5K0(m)) <H{Uﬁc(m)>0(22)e} - ]l{l(smc(m)l>0(7:2)5}) ‘]:RC(m)]

This inequality and Lemma E.2 imply that a sufficient condition to have the conditional Lindeberg
condition is

2 2
E[(Unc(m) +5’ic(m))<]l{|Ul€c(m)|>mg} +ﬂ{6l€c(m)>\/6(74n2)6}>:| m—reo . (3)

4

Next, we prove that this condition is satisfied.

First, note that
—_9 4E||U..
v ('Um(m)l . Velm )6> < [Tl

4 e\/c(m —2) m—oo
and
P |5 | - C(m—2)€ < 4E[|5nc(m)|]
re(m) 4 T ey/e(m—2) mooo
Now, remember that from Proposition C.1, Uk L> Uso, therefore U, (m) L—2> Uso and
K—o0 ¢ m—00
Lemma E.3 can be applied, which gives
E[U2 <]1 —s  +1 — )} 0. 4)
ree(m) {1Useomy 1> =2 e} {\5nc<m)|>w5} Mmoo

Likewise, we calculated E[cﬁd}' x| in the proof of Lemma D.4. The application of Lemma D.3
shows that E[éi (m) | F e (my] is a backward martingale. It follows from Lemma E.4 that

2 _ 2
]E{5nc(m)]l{|Uﬂc(m)|>Wg}} —]E{E[%(m)|fnc(m>]]1{|Uﬂc(m)|>Wg}} oo 0 O

Finally, applying Lemma E.5, we obtain

E[s52 |1 I e ] :E[A2 1 — ], (6)
|:H6(m) {I(SNC(””)‘> e 2)6} HC(m) {IANC(77L)‘>m6}

4 4
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where Ay = 771_1("21’()_1 Z2S?2Smx+1 X[1,i:41,jo)- Using similar arguments as in the proof of
1<j1<jasng

Proposition C.1, it can be shown that A is a square integrable backward martingale with respect to

the decreasing filtration F [’% =0(Ak, Ak 11,...). Therefore, Theorem B.2 ensures that there exists

Ao such that Ap L, Acso. This proves that A, (m) =T Aco, so applying Lemma E.3 again,
K—o0 ¢ m—00

we obtain

A% 1 :
Ke(m) {|A~c(m)‘>we} m—00

(N

Combining (4), (5), (6) and (7), we deduce that the sufficient condition (3) is satisfied, thus conclud-

ing the proof.
O

Appendix F: Hewitt-Savage theorem

Proof of Theorem 2.10. This proof adapts the steps taken by Feller (1971) and detailed by Durrett
(2019) to our case. Let A € Ec.

First, let Ay = 0((§i)1§i§m1\m (nj)lSanNu (Cij)lSiSmN,lngnN)’ the o-field generated by the
random variables associated with the first m 5 rows and ny columns. Notice that A € A:= (02, Ay
Since A is the limit of A, then for all € > 0, there exists a IV and an associated set Ay € Ay such
that P(A—ANAy) <eand P(Ay —ANApN) <e, sothat P(AAAN) < 2¢, where A is the symmetric
difference operator, i.e. BAC = (B — C) U (C' — B). Therefore, we can pick a sequence of sets Ay
such that P(AAA ) — 0.

(N) _(N)

Next, we consider the row-column permutation ®(V) = (07 7,05 ') €Smy X Spy defined by

i+my ifl1<i<my,
oM@y =Li—my ifmy+1<i<2my,
i if 2my + 1 <.

j4ny 1<) <ny,
UéN)(j): j—ny ifny+1<j<2ny,
j if 20y +1< .

Since A € Exo, by the definition of £, it follows that
{w:@(N)wEA}:{w:weA}zA.
Using this, if we denote A’y := {w Ny e AN}, then we can write that
{wioWuweayan} = {wiwe Ayaa} = ayaa
Furthermore, the (U;)1<i<oo0> (Vj)1<j<oo and (Ljj)1<i<oo,1<j<oo are i.i.d., so
P(ANAA) =P(w:w € ANAA) =P(w: 8w e AyAA).

and we conclude that P(Ay AA) =P(AyAA) — 0.
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From this, we derive that P(A ) — P(A) and P(A’y,) — P(A). We also remark that P(AyAA’) <
P(AynAA) + P(AAA) — 0, 50 B(Ay 1 Aly) — P(A).

But Ay and A’y are independent, so we have P(Ax N A’y) = P(Ay)P(A’y) — P(A)?, therefore
P(A) = P(A)?, which means that P(4) =0 or 1. O
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