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Abstract: This is a summary of my doctoral thesis [2], which I have defended on November
13th, 2023. I have been supervised by Stéphane Robin, Sophie Donnet and François Massol.

The work presented in this thesis is essentially theoretical [3, 5, 4], but motivated by
ecological applications [1]. Ecological interaction networks represent the functioning of an
ecosystem. Investigating the variability of interaction networks enables us to understand how
the ecosystems are affected by external factors. This thesis suggests a methodology to analyze
bipartite networks, applicable to ecological mutualistic networks.

This methodology is based on U -statistics of row-column exchangeable matrices. Row-
column exchangeable matrices are random matrices, the joint probability distribution of which
is invariant by simultaneous permutations of rows and columns. U -statistics correspond to
the class of statistics defined as the empirical mean of a function of a subset, over all subsets
of observations. U -statistics of matrices are the average of a submatrix function over the
entire matrices. In network analysis, row-column exchangeable matrices are the adjacency
matrices of bipartite node-exchangeable networks, and U -statistics can be used as estimators
of quantities of interest.

This thesis focuses on the asymptotic behavior of the U -statistics of row-column exchange-
able matrices. In the first part, backward martingales are used to derive a limit theorem on
U -statistics of row-column exchangeable matrices. In the second part, a Hoeffding-type de-
composition is established for them, which extends the previous limit theorem. Inspired
by this decomposition, an estimator of the asymptotic variance is also suggested, making it
possible to propose a general method for performing statistical inference tasks on exchange-
able network models. The third part of the thesis extends the methodology to degenerate
U -statistics, which have a faster rate of convergence.

These statistical developments are applied to the analysis of bipartite networks, includ-
ing mutualistic ecological networks. Many ecological questions are interested in the general
structure of networks rather than the collection of present species. This makes exchange-
able random network models, the adjacency matrices of which are row-column exchangeable,
well-suited to analyze these networks. U -statistics are used as estimators of quantities of
interest such as the degree heterogeneity, motif densities, or graphon metrics. It is possible
to obtain statistical guarantees on these estimators, for example in the form of confidence
intervals, owing to the theoretical results and the methodology developed in this thesis. Some
examples of exchangeable random network models and U -statistics are given, answering real
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ecological questions. Simulation studies are used to validate the use of this methodology for
these examples.
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